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Objectives

At the end of this section you should be able to:

Write down the 2 x 2 and 3 x 3 identity matrices.
Detect whether a matrix is singular or non-singular.
Calculate the determinant and inverse of a 2 X 2 matrix.
Calculate the cofactors of a 3 X 3 matrix.

Use cofactors to find the determinant and inverse of a 3 X 3 matrix.

Use matrix inverses to solve systems of linear equations arising in eConomics.

—




al=a and la=a

a'a=1 and aa'=1

Al=A and TA=A



Matrik ldentitas

where

=[o 7

The matrix I is called the identity matrix and is analogous to the number 1 in ordinary arith-
metic. You also showed in part (b) of Practice Problem 15 that corresponding to the 2 x 2 matrix



Matrik Invers

there is another matrix
| - d —b

ad — bc — a

— —

A_l

with the property that

AT'A =1 and AA'=1

The matrix A™' is said to be the inverse of A and is analogous to the reciprocal of a number.
The formula for A" looks rather complicated but the construction of A™' is in fact very easy.



Next

The number ad — bc is called the determinant of A and is written as
a b
c d

det(A) or |A] or

Notice that the last step in the calculation is impossible if
|A[=0

because we cannot divide by zero. We deduce that the inverse of a matrix exists only if the
matrix has a non-zero determinant. This is comparable to the situation in arithmetic where a
reciprocal of a number exists provided the number is non-zero. If the matrix has a non-zero
determinant, it is said to be non-singular; otherwise it is said to be singular.



Example

Find the inverse of the following matrices. Are these matrices singular or non-singular?

1 2 2 5
A= and B=
{3 4} [4 10}

Solution

We begin by calculating the determinant of

1 2
A =
3 4
to see whether or not the inverse exists.

| 2
det(A) =| .= 1(4)—2(3)=4—6=-2
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To discover whether or not the matrix

2 5
B=
4 10
has an inverse we need to find its determinant.

det(B) = {2

S
=2(10) = 5(4)=20-20=0
4 10

We see that det(B) = 0, so this matrix is singular and the inverse does not exist.



Matriks Inversedan Persamaarbinear

One reason for calculating the inverse of a matrix is that it helps us to solve matrix equations
in the same way that the reciprocal of a number is used to solve algebraic equations. We have
already seen in Section 7.1 how to express a system of linear equations in matrix form. Any
2 X 2 system

ax+by=e

cx+dy=f
can be written as WhE‘I‘ c
Ax=Db )
a b X e
A= X = b =



Ax=Dh
by A™" gives
A'(Ax)=A"b
(A"'A)x=A"'b (associative property)
Ix=A"'b (definition of an inverse)

x= A"'b (Practice Problem 15(c) in Section 7.1)



Example

The equilibrium prices P, and P, for two goods satisfy the equations
_4P1 + PE == _1 3

Express this system in matrix form and hence find the values of P, and P..



Solution
Using the notation of matrices, the simultaneous equations
—4P, + P,=-13
2P, — 5P, =-7

can be written as

sl

that is, as
Ax=Dhb
where



The matrix A has determinant

=9 - @ =20-2= 18

|2 -5
1 [-5 -1
Al=—
18] -2 -—4}

Finally, to calculate x we multiply A~ by b to get
x=A"b

1 [-5 —1[-13

18] -—4}{ —?}
1 [ 72 4

:E_SLI]ZL]

Hence P,=4 and P, = 3.
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Cofactor

The concepts of determinant, inverse and identity matrices apply equally well to 3 x 3 matrices.
The identity matrix is easily dealt with. It can be shown that the 3 x 3 identity matrix is

1 0 0
I={0 1 0
0 0 1

You are invited to check that, for any 3 X 3 matrix A,

A=A and [TA=A



Before we can discuss the determinant and inverse of a 3 x 3 matrix we need to introduce an
additional concept known as a cofactor. Corresponding to each element a; of a matrix A, there
is a cofactor, A; A 3 X 3 matrix has nine elements, so there are nine cofactors to be computed.

The cofactor, A

i» is defined to be the determinant of the 2 X 2 matrix obtained by deleting row

i and column j of A, prefixed by a ‘+" or “—’ sign according to the following pattern

_l_

_l_

+

_|_

_|_




For example, suppose we wish to calculate A,;

A=|ay ay axn




Example

Find all the cofactors of the matrix

-
A=[4 3 7
3_




Jawab

Let us start in the top lethand corner and work
row by row. For cofactor All, the element all = 2
lies inthe first row and first column, so we delete
this row and column to produce the 22 matrix




_I_
—I__
3 7
<
1 3
=+(3(3)-"7(1))
—9—7

=2



L

bd =] ==

| ?|
2 3
s - —(43) - 7(2))
= (12— 14)

=2



We are now In a position to
describe how to calculate the
determinant and inverse ci

3x3Y Il NRE.



If we expand along the first row of
the matrix..

{1’” -f,-llljz “'13

“3' {dqn ({12

we get



Similarly, if we expand down the second column, we get

det(A) = app A, + ayp Ay, + ayp s,



